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Abstract
We consider scattering by short range perturbations of the semi-classical Laplacian. We
prove that when a polynomial bound on the resolvent holds the scattering amplitude is a semi-
classical Fourier integral operator associated to the scattering relation near a non-trapped ray.
Compared to previous work, we allow the scattering relation to have more general structure.
Keywords and phrases: Short range perturbations, scattering amplitude, scattering relation,
semi-classical Fourier integral operators.
1 Introduction and Statement of Results
We study the structure of the scattering amplitude associated with the semi-classical Schro¨dinger
operator with a short range potential on Rn.We prove that, when restricted away from the diagonal
on Sn× Sn, the natural scattering amplitude quantizes the scattering relation in the sense of semi-
classical Fourier integral operators. The scattering relation at energy λ > 0 here is given roughly
by the Hamiltonian flow of the symbol p of the operator between two hypersurfaces “at infinity”
inside the energy surface {p = λ}.
1.1 A Survey of Earlier Results
The structure of the scattering matrix has been of significant interest to researchers in mathemat-
ical physics. Earlier results have focused primarily on establishing asymptotic expansions of the
scattering amplitude. In this section we describe briefly only those asymptotic expansions most
relevant to our work and refer to [2] for a more comprehensive survey.
We begin by introducing some notation. Let P (h) = −12h2∆+ V, 0 < h << 1, where
|∂αV (x)| ≤ Cα〈x〉−ρ−|α|, x ∈ Rn, ρ > 1, (1)
1
where 〈x〉 = (1 + ‖x‖2) 12 . Let λ > 0 and for ω ∈ Sn−1 and z ∈ ω⊥ we denote by
γ∞
(
·; z,
√
2λω
)
=
{
q∞
(
·; z,
√
2λω
)
, p∞
(
·; z,
√
2λω
)}
the unique phase trajectory, i. e. the integral curve of the Hamiltonian vector field of p(x, ξ) =
1
2‖ξ‖2 + V (x), such that
lim
t→−∞
∥∥∥q∞ (t; z,√2λω)−√2λωt− z∥∥∥ = 0,
lim
t→−∞
∥∥∥p∞ (t; z,√2λω)−√2λω∥∥∥ = 0
in the C∞ topology for the impact parameter z and ω. If limt→∞
∥∥∥q∞ (t; z,√2λω)∥∥∥ =∞, then, set-
ting Sn−12λ = {x ∈ Rn : ‖x‖ = 2λ}, we have that there exist U ⊂ T ⋆Sn−12λ open,
(√
2λω, z
)
∈ U, where
S
n−1
2λ = {x ∈ Rn : ‖x‖ = 2λ}, ξ∞ ∈ C∞
(
T ∗Sn−12λ ∩ U ;Sn−1
)
, and x∞ ∈ C∞
(
T ∗Sn−12λ ∩ U ;Rn
)
such
that
lim
t→∞
∥∥∥q∞ (t; z,√2λω)−√2λξ∞ (z,√2λω) t− x∞ (z,√2λω)∥∥∥
C∞(U)
= 0,
lim
t→∞
∥∥∥q∞ (t; z,√2λω)−√2λξ∞ (z,√2λω)∥∥∥
C∞(U)
= 0.
The trajectory γ∞
(
·; z,√2λω
)
is then said to have initial direction ω and final direction θ =
ξ∞
(
z,
√
2λω
)
. We also make the following
Definition 1. The outgoing direction θ ∈ Sn−1 is called non-degenerate, or regular, for the in-
coming direction ω ∈ Sn−1 if θ 6= ω and for all z′ ∈ ω⊥ with ξ∞
(
z′,
√
2λω
)
= θ, the map
ω⊥ ∋ z 7→ ξ∞
(
z,
√
2λω
)
∈ Sn−1 is non-degenerate at z′.
Several authors, working under the assumption that a certain final direction θ is non-degenerate
for a given initial direction ω, have proved asymptotic expansions of the scattering amplitude A of
the form
KA(λ,h)(ω, θ) =
l∑
j=1
σˆ (zj , ω;λ)
−1/2 exp
(
ih−1Sj − iµjπ/2
)
+O (h) , (2)
where (zj)
l
j=1 ≡
(
ξ−1∞
(
·,√2λω
))
(θ0), σˆ (zj , ω;λ) = det
(
J ξ∞
(
·,√2λω
))
(zj) , with J denoting
the Jacobian matrix,
Sj =
∫ ∞
−∞
(
1
2
∣∣∣p∞ (t; z,√2λω)∣∣∣2 − V (q∞ (t; z,√2λω))− λ
)
dt−
〈
x∞
(
z,
√
2λω
)
,
√
2λθ
〉
(3)
2
is a modified action along the j−th (ω, θ) trajectory, and µj is the path index of that trajec-
tory. Vainberg [11] has studied smooth compactly supported potentials V at energies λ > supV
and has proved such an asymptotic expansion with the error term estimated uniformly over a
sufficiently small neighborhood containing the final direction while the initial direction is held a
constant. Guillemin [6] has established a similar asymptotic expansion in the setting of smooth
compactly-supported metric perturbations of the Laplacian for fixed incoming and outgoing di-
rections. Working with non-trapping potential perturbations of the Laplacian satisfying (1) with
ρ > max
(
1, n−12
)
, Yajima [12] has proved such an asymptotic expansion in the L2 sense. For
non-trapping short-range (ρ > 1) potential perturbations of the Laplacian, Robert and Tamura
[10] have established a pointwise asymptotic expansion of this form for constant initial and final
directions. This result has been extended to the case of trapping energies by Michel [9] under an
additional assumption on the distribution of the resonances of P (h).
In [2] we have proved, without making the non-degeneracy assumption, that the scattering
amplitude for smooth compactly supported potential and metric perturbations of the Euclidean
Laplacian at both trapping and non-trapping energies is a semi-classical Fourier integral operator
associated to the scattering relation. We have further showed how the expansion (2) follows from the
general theory of semi-classical Fourier integral operators developed in [1], once the non-degeneracy
assumption on the initial and final directions is made. Here we extend these results to the case of
short-range perturbations of the Laplacian when the scattering amplitude is restricted away from
the diagonal in Sn−1 × Sn−1.
1.2 Statement of Main Theorem
We consider the semi-classical Schro¨dinger operator P (h) = −12h2∆+V, on Rn for n ≥ 2, 0 < h ≤ 1,
with the potential V ∈ C∞(Rn;R) satisfying (1). Let P0(h) = −12h2∆. Then P (h) and P0(h) admit
unique self-adjoint realizations on L2(Rn) with common domain H2(Rn). It is well-known that the
wave operators
W± = s- lim
t→±∞U(t)U0(−t),
where
U(t) = e−
i
h
tP (h), U0(t) = e
− i
h
tP0(h), t ∈ R.
3
We can therefore define the scattering operator
S =W ∗+W− = F−1
∫
λ>0
⊕
S(λ, h)dλF ,
where F denotes the unitary Fourier transform on L2(Rn). The operator S(λ, h) is called the
scattering matrix at energy λ > 0 and is a unitary operator on L2(Sn−1). The scattering amplitude
A(λ, h) is defined by A(λ, h) = c(n, λ, h)T (λ, h), where T (λ, h) = −i(2π)−1 (I − S(λ, h)) and
c(n, λ, h) = −2π(2λ)−n−14 (2πh)n−12 e−i (n−3)pi4 .
To state our Main Theorem, we let R(λ+ i0, h) = limǫ↓0 (P (h) − λ− iǫ)−1 , where the limit is
taken in the space B(L2α(Rn), L2−α(Rn)), α > 12 , with L2α(Rn) = {f : 〈·〉αf ∈ L2(Rn)}. We further
refer the reader to Section 3 for the definitions non-trapped trajectories and the scattering relation
SRU¯ (λ). The class of semi-classical Fourier integral operators Irh is defined in Appendix A, where
we also review the notion of pseudodifferential operators of principal type.
We are now ready to prove our
Main Theorem. Let λ > 0 be such that the operator P (h)− λ is of principal type. Let also
‖R(λ+ i0, h)‖B(L2α(Rn),L2−α(Rn)) = O(h
s), s ∈ R, α > 1
2
. (4)
Let (ω, z) ∈ T ∗Sn−1 be such that γ∞
(
·; z,√2λω
)
is a non-trapped trajectory.
Then there exist open sets U ⊂ T ∗Sn−1 with (ω, z) ∈ U such that
A(λ, h) ∈ I
n
2
+2
h
(
S
n−1 × Sn−1\diag(Sn−1 × Sn−1), SRU¯ (λ)
)
.
We remark that [3, Theorem 1] gives a characterization of semi-classical Fourier integral distri-
butions as oscillatory integrals. Applied to the scattering amplitude here this characterization says
approximately that for every non-degenerate phase function φ which locally parameterizes SRU¯ (λ)
we can find a symbol a admitting an asymptotic expansion in h such that CKA(λ,h), where C is
a microlocal cut-off to SRU¯(λ) (see Appendix A), can be represented as an oscillatory integral
with phase φ and symbol a. From the discussion in [3, Section 4.1] we further know that such
a non-degenerate phase function always exists, and therefore we can always express CKA(λ,h) as
an oscillatory integral admitting an asymptotic expansion in h. In the special case when the non-
degeneracy assumption holds, we recover the phases (18) in (2) – see Theorem 1 below. We expect
4
that a finer analysis based on our method would give a precise description of the amplitudes as
well. What is different here is the fact that we can handle the cases in which the non-degeneracy
assumption fails.
We now introduce some of the notation we shall use below. For a sequentially continuous
operator T : C∞c (Rm) → D′(Rn) we shall denote by KT its Schwartz kernel. On any smooth
manifold M we denote by σ the canonical symplectic form on T ∗M and everywhere below we
work with the canonical symplectic structure on T ∗M. We shall denote by Hp the Hamiltonian
vector field of p. The integral curve of Hp with initial conditions (x0, ξ0) ∈ T ∗Rn will be denoted
by γ(·;x0, ξ0) = (x (·;x0, ξ0) , ξ(·;x0, ξ0)). If C ⊂ T ∗M1 × T ∗M2, where Mj , j = 1, 2, are smooth
manifolds, we will use the notation C ′ = {(x, ξ; y,−η) : (x, ξ; y, η) ∈ C}. We shall also use ‖ ·‖±γ,∓γ
to denote the norm of a linear operator between the spaces L2±γ(Rn) and L2∓γ(Rn). Lastly, we set
B(0, r) = {x ∈ Rn : ‖x‖ < r} and B(0, r, r + 1) = {x ∈ Rn : r < ‖x‖ < r + 1}.
This paper is organized as follows. We review the definition of semi-classical Fourier integral
distributions and operators in the Appendix, where we also recall the relevant part of semi-classical
analysis. Isozaki-Kitada’s representation of the short-range scattering amplitude which we will use
in this article is presented in Section 2.1. Two preliminary lemmas giving additional information
on the structure of the semi-classical amplitude, are given in Section 2.2. The scattering relation is
defined in Section 3, where we also prove that it can be parameterize by the modified actions when
the non-degeneracy assumption is made. The proof of the Main Theorem is presented in Section
4 and its applications to non-trapping and trapping perturbations are discussed in Section 5.1 and
Section 5.2, respectively. Finally, the theorem giving the microlocal representation of the scattering
amplitude as an oscillatory integral under the non-degeneracy assumption is proved in Section 5.3.
2 Preliminaries
In this section we introduce some of the preliminary results we shall use throughout this article.
2.1 Representation of the Scattering Amplitude
Here we present the representation of the short range scattering amplitude developed by Isozaki
and Kitada [8]. This is the representation we shall use in the proof of our Main Theorem.
5
Definition 2. Let Ω ⊂ T ∗Rn be an open subset. We denote by Am(Ω) the class of symbols a such
that (x, ξ) 7→ a(x, ξ, h) belongs to C∞(Ω) and
∣∣∣∂αx ∂βξ a(x, ξ)∣∣∣ ≤ Cαβ〈x〉m−|α|〈ξ〉−L, for all (x, ξ) ∈ Ω, (α, β) ∈ Nn × Nn, L > 0.
We denote Am(T
∗
R
n) by Am.
We also use the notation
Γ±(R, d, σ) =
{
(x, ξ) ∈ Rn × Rn : |x| > R, 1
d
< |ξ| < d,±cos(x, ξ) > ±σ
}
with R > 1, d > 1, σ ∈ (−1, 1), and cos(x, ξ) = 〈x,ξ〉|x||ξ|, for the outgoing and incoming subsets of
phase space, respectively.
For α > 12 , we denote the bounded operator F0(λ, h) : L
2
α(R
n)→ L2(Sn−1) by
(F0(λ, h)f) (ω) = (2πh)
−n
2 (2λ)
n−2
4
∫
Rn
e−
i
h
√
2λ〈ω,x〉f(x)dx, λ > 0.
Let R0 >> 0, 1 < d4 < d3 < d2 < d1 < d0, and 0 < σ4 < σ3 < σ2 < σ1 < σ0 < 1. Using the
WKB method, Isozaki and Kitada [8] have constructed parametrices for the wave operators with
phase functions Φ± and symbols a± and b± such that:
1. Φ± ∈ C∞(T ∗Rn) solve the eikonal equation
1
2
|∇xΦ±(x, ξ)|2 + V (x) = 1
2
|ξ|2 (5)
in (x, ξ) ∈ Γ±(R0, d0,±σ0), respectively.
2. Φ±(·, ··) − 〈·, ··〉 ∈ A0 (Γ±(R0, d0,±σ0)) .
3. For all (x, ξ) ∈ T ∗Rn ∣∣∣∣ ∂2Φ±∂xj∂ξk (x, ξ)− δjk
∣∣∣∣ < ǫ(R0), (6)
where δjk is the Kronecker delta and ǫ(R0)→ R0 as R0 →∞.
4. a± ∼
∑∞
j=0 h
ja±j, where a±j ∈ A−j(Γ±(3R0, d1,∓σ1)), supp a±j ⊂ Γ±(3R0, d1,∓σ1), a±j
solve
〈∇xΦ±,∇xa±0〉+ 1
2
(∆xΦ±) a±0 = 0 (7)
6
〈∇xΦ±,∇xa±j〉+ 1
2
(∆xΦ±) a±j =
i
2
∆xa±j−1, j ≥ 1, (8)
with the conditions at infinity
a±0 → 1, a±j → 0, j ≥ 1, as |x| → ∞. (9)
in Γ±(2R0, d2,∓σ2), and solve (7) and (8) in Γ±(4R0, d1,∓σ2).
5. b± ∼
∑∞
j=0 h
jb±j , where b±j ∈ A−j(Γ±(5R0, d3,±σ4), supp b±j ⊂ Γ±(5R0, d3,±σ4), b±j solve
(7) and (8) with the conditions at infinity (9) in Γ±(6R0, d4,±σ3), and solve (7) and (8) in
Γ±(6R0, d3,±σ3).
For a symbol c and a phase function φ, we denote by Ih(c, φ) the oscillatory integral
Ih(c, φ) =
1
(2πh)n
∫
Rn
e
i
h
(φ(x,ξ)−〈y,ξ〉)c(x, ξ)dξ
and let
K±a(h) = P (h)Ih(a±,Φ±)− Ih(a±,Φ±)P0(h)
K±b(h) = P (h)Ih(b±,Φ±)− Ih(b±,Φ±)P0(h).
The operator T (λ, h) for λ ∈
(
1
2d24
,
d24
2
)
is then given by (see [8, Theorem 3.3])
T (λ, h) = T+1(λ, h) + T−1(λ, h) − T2(λ, h),
where
T±1(λ, h) = F0(λ, h)Ih(a±,Φ±)∗K±b(h)F ∗0 (λ, h)
and
T2(λ, h) = F0(λ, h)K
∗
+a(h)R(λ+ i0, h) (K+b(h) +K−b(h))F
∗
0 (λ, h),
2.2 Two Preparatory Lemmas
The following two lemmas will be useful in studying the structure of the scattering amplitude.
Lemma 1. Let W = OB(L2(Rn))(hs), h → 0, or W = OB(L2α(Rn),L2−α(Rn))(hs), h → 0, for some
s ∈ R.
Then KW ∈ D′h(R2n).
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Proof. By Schwartz Kernel Theorem, for some h0 > 0 and every h ∈ (0, h0], there exists wh ∈
D′(R2n) such that 〈Tϕ,ψ〉 = 〈wh, ϕ ⊗ ψ〉, ϕ, ψ ∈ C∞c (Rn). Let χ ∈ C∞c (R2n) and let c1 > c2 > 0
be such that suppχ ⊂ K1(c2) ×K2(c2), where Kj(d) = {x ∈ Rn : |xl| < d, l = 1, . . . , n}, j = 1, 2,
d > 0. Let also ρj ∈ C∞c (Kj(c1)), j = 1, 2, be such that ρ1 × ρ2 = 1 on K1(c2)×K2(c2). Then, by
the proof of Schwartz Kernel Theorem [5, Theorem 6.1.1], we have that
〈
wh, χe
− i
h
(〈·,ξ〉+〈··,η〉)
〉
= ΣZn×Zn χˆm,k 〈Tρ1Eh(〈m, ·〉), ρ2Eh(〈k, ··〉)〉 ,
where E(t) = e
2piit
b , t ∈ R, and χˆm,k = 1b2n
∫
K1×K2 χ(x, y)e
− i
h
(〈x,ξ〉+〈y,η〉)E(−m · x − k · y)dxdy.
Integration by parts now gives
(1 + |m|)M (1 + |k|)M χˆm,k ≤ C1h−2M 〈(ξ, η)〉M
∑
|α|≤M,|β|≤M
∥∥∥∂αx ∂βy χ∥∥∥
L∞(R2n)
,m, k ∈ Zn,M ∈ N0.
(10)
We also have
|〈Tρ1Eh(〈m, ·〉), ρ2Eh(〈k, ··〉)〉| ≤ C2hs. (11)
From estimates (10) and (11) we obtain
|ΣZn×Znχˆm,k 〈Tρ1Eh(〈m, ·〉), ρ2Eh(〈k, ··〉)〉| ≤ C3
∑
|α|≤M,|β|≤M
∥∥∥∂αx∂βxχ∥∥∥
L∞(R2n)
hs−2M 〈(ξ, η)〉M ,
(12)
with
C3 = C1C2
∑
Zn×Zn
(1 + |m|)−M (1 + |k|)−M <∞,
if M is taken large enough. Therefore KT ∈ D′h(R2n).
Lemma 2. Let ν : R2n → R2n be given by ν(x, y) = (y, x).
Then ν∗KR(λ+i0,h) = KR(λ+i0,h) for every λ > 0.
Proof. For u, v ∈ L2(Rn) let 〈u, v〉 = ∫ uv. Let u and v further satisfy u, v ∈ C∞c (Rn) and let z ∈ C
be such that ℑz > 0. We then have
〈R (z, h) u, v〉 = 〈R (z, h) u, (P (h)− z)R (z, h) v〉
= 〈(P (h)− z)R (z, h) u,R (z, h) v〉
= 〈u,R (z, h) v〉 .
(13)
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Let, now, λ ∈ R\ {0} and let (zk)k∈N ⊂ C satisfy ℑzk ↓ 0, k →∞, and ℜzk = λ, k ∈ N. Then,
from (13) we have that for every k
〈R (zk, h) u, v〉 = 〈u,R (zk, h) v〉 . (14)
Letting k →∞ in (14) and using the fact that
R (λ+ i0, h) = lim
ǫ↓0
R(λ+ iǫ, h) in B (L2α(Rn), L2−α(Rn)) , α > 12 ,
we obtain
〈R (λ+ i0, h) u, v〉 = 〈u,R (λ+ i0, h) v〉 .
Since C∞c (Rn)⊗ C∞c (Rn) is dense in C∞c (R2n), this completes the proof of the lemma.
3 Scattering Geometry
In this section we describe the scattering relation and prove that it can be parameterized by the
modified actions (3) when the non-degeneracy assumption holds. The scattering relation is a
Lagrangian submanifold of T ∗Sn−1× T ∗Sn−1, which relates the incoming and the outgoing data in
the way suggested by Figure 1.
To make this precise, we first give the following
Definition 3. The trajectory γ (·;x0, ξ0) is non-trapped if for every r > 0, there exists T > 0 such
that ‖x0‖ < r implies that ‖x (s;x0, ξ0) ‖ > r for |s| > T. The energy λ > 0 is non-trapping if for
every r > 0 there exists T > 0 such that for every (x0, ξ0) ∈ T ∗Rn with 12‖ξ0‖2 + V (x0) = λ and
‖x0‖ < r we have ‖x (s;x0, ξ0) ‖ > r for |s| > T.
We also introduce the notation T (r) for the infimum over s with this property.
Let, now, λ > 0 be such that the operator P (h) − λ is of principal type. Then Σλ = p−1(λ) is
a smooth 2n− 1-dimensional submanifold of T ∗Rn.
Let, further, (ω0, z0) ∈ T ∗Sn−1 be such that γ∞
(
·; z0,
√
2λω0
)
is a non-trapped trajectory with
ξ∞
(
z0,
√
2λω0
)
6= ω0. Then there exists U ⊂ T ∗Sn−1, open, (ω0, z0) ∈ U, such that for every
(ω, z) ∈ U the trajectory γ∞
(
·; z,√2λω
)
is non-trapped and ξ∞
(
z,
√
2λω
)
6= ω. By decreasing U,
if necessary, we therefore have that
SRU¯ (λ) =
{(
ω, z; ξ∞
(
z,
√
2λω
)
, x∞
(
z,
√
2λω
))
: (ω, z) ∈ U¯
}′
(15)
9
ωθ
−ω
x∞
(
·; z,√2λω
)
w
z
θ⊥
B(0, R0), R0 >> 1
ω⊥
θ
Figure 1: The scattering relation consists of the points (ω, z; θ,−w) related as in this figure.
is a closed Lagrangian submanifold of
(
T ∗Sn−1 × T ∗Sn−1, π∗1σ + π∗2σ
)
, which we call a scattering
relation at energy λ (see Figure 1).
If λ is a non-trapping energy level, we define the scattering relation at energy λ > 0 as
SR(λ) =
{(
ω, z; ξ∞
(
z,
√
2λω
)
, x∞
(
z,
√
2λω
))
: (ω, z) ∈ T ∗Sn−1, ω 6= ξ∞
(
z,
√
2λω
)}′
We now show how, under the assumption that a certain outgoing direction is regular for a given
incoming direction, we can find a non-degenerate phase function which parameterizes the scattering
relation. We begin with the following
Lemma 3. Let θ0 ∈ Sn−1 be regular for ω0 ∈ Sn−1.
Then there exist Oj ⊂ Sn−1, j = 1, 2, open, ω0 ∈ O1, θ0 ∈ O2, and L ∈ N such that for every
(ω, θ) ∈ O1 ×O2 the number of (ω, θ) trajectories is at least L.
Proof. By [9, Remark 1.1] and the discussion following it, we have that there exists L ∈ N such
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that the number of (ω0, θ0) trajectories is L. Let (zl)
L
l=1 ≡
(
ξ−1∞
(
·,√2λω0
))
(θ0), By the Implicit
Function Theorem, since θ0 is regular for ω0, we have that there exist open sets O1, O2 ⊂ Sn−1 with
θ0 ∈ O1 and ω0 ∈ O2 and functions zl ∈ C∞(O1×O2;Rn−1), l = 1, . . . , L, such that zl(ω0, θ0;λ) = zl
and ξ∞
(
zl(ω, θ;λ),
√
2λω
)
= θ, (ω, θ) ∈ O1 ×O2, which completes the proof.
Let, now, wl(ω, θ;λ) = x∞
(
zl (ω, θ;λ) ,
√
2λω
)
. As in [2, Lemma 4], we have the following
Lemma 4. Let θ0 ∈ Sn−1 be regular for ω0 ∈ Sn−1.
Then there exist Oj ⊂ Sn−1, j = 1, 2, open, ω0 ∈ O1, θ0 ∈ O2, such that the map
θ⊥ ∋ w 7→ ξ∞
(
w,−
√
2λθ
)
∈ Sn−1
is non-degenerate at wl (ω, θ) , (ω, θ) ∈ O1 ×O2, l = 1, . . . , L.
We now choose O1 and O2 in such a way that the conclusions of Lemmas 3 and 4 hold in some
open neighborhoods of O¯1 and O¯2 and O¯1 ∩ O¯2 = ∅. We set
SRl(λ) =
{
(ω, θ, zl(ω, θ;λ),−wl(ω, θ;λ)) : (ω, θ) ∈ O¯1 × O¯2
}
. (16)
The same proof as in [10, Lemma 3.2] now shows that there exist R¯ >> 0, T0 > T
(
R¯
)
, and
open sets U lω,θ ⊂ ω⊥, zl (ω, θ;λ) ∈ U lθ,ω, l = 1, . . . , L, (ω, θ) ∈ O¯1 × O¯2, such that
det

∂x
(
t; ·,∇xΦ−
(
·,√2λω
)
(y)
)
∂y
(y)

 6= 0 (17)
for y ∈
{
x∞
(
s; z,
√
2λω
)
∩B (0, R¯, R¯+ 1) : z ∈ U lω,θ, s < 0} , t > T0.
Let, now, t0 > T0 be fixed. From (17) it follows that for (θ, ω) ∈ O¯1 × O¯2 we define the
(modified) action along the segment of the (ω, θ)-trajectory γl(ω, θ, λ) = (xl(ω, θ, λ), ξl(ω, θ, λ)) =
γ∞
(
·; zl(ω, θ;λ),
√
2λω
)
, between the points
yl (s;ω, θ, λ) = x∞
(
s; zl (ω, θ;λ) ,
√
2λω
)
∩B (0, R¯, R¯+ 1)
for some s < 0 and xl(t0; s, ω, θ, λ) = x
(
t0; yl (s;ω, θ, λ) ,∇xΦ−
(
yl (s;ω, θ, λ) ,
√
2λω
))
and we set
Sl (ω, θ) = Φ−
(
yl (s;ω, θ, λ) ,
√
2λω
)
+
∫ t0
0
L (x, x˙) dt− Φ+
(
xl (t0; s, ω, θ, λ) ,
√
2λθ
)
+ λt0, (18)
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where L(x, x˙) = 12 ‖x˙‖2g − V (x) is the Lagrangian, and the integral is taken over the segment of the
bicharacteristic curve xl(ω, θ, λ) connecting yl (s;ω, θ, λ) and xl (t0; s, ω, θ, λ) .
From the representations [10, (4.5)]
Φ−(x,
√
2λω) = 2τλ+
∫ τ
−∞
(
1
2
∣∣∣p∞ (t; z,√2λω)∣∣∣2 − V (q∞ (t; z,√2λω))− λ
)
dt (19)
for x = q∞
(
τ ; z,
√
2λω
)
∈ B (0, R¯, R¯+ 1) and [10, (4.4)]
Φ+(x, ξ) = 2λτ +
〈
x∞
(
z,
√
2λω
)
, ξ
〉
−
∫ ∞
τ
(
1
2
∣∣∣p∞ (t; z,√2λω)∣∣∣2 − V (q∞ (t; z,√2λω))− λ
)
dt
(20)
for (x, ξ) ∈ Γ+ (R0, d0,−σ0) with x = q∞
(
τ ; z,
√
2λω
)
, ξ = limt→∞ p∞
(
t; z,
√
2λω
)
, we see that
Sl(ω, θ) is independent of the choice of s with the specified properties.
We now have the following
Lemma 5. Let ω0 ∈ Sn−1 be regular for θ0 ∈ Sn−1.
Then SRl(λ) = ΛSl , where ΛSl =
{
(ω, θ, dωSl, dθSl) : (ω, θ) ∈ O¯1 × O¯2
}
, l = 1, . . . , L.
Proof. We consider
dθSl(ω, θ) = dθ
(
Φ−
(
yl (s;ω, θ, λ) ,
√
2λω
)
+
∫ t0
0
L (x, x˙) dt
)
− dωΦ+
(
xl (t0; s, ω, ·, λ) ,
√
2λ·
)
(θ)
=
〈
ξ
(
t0; yl (s;ω, θ, λ) ,∇xΦ−
(
yl(s, ω, θ, λ),
√
2λω
))
, dθxl(t0; s, ω, ·, λ)(θ)
〉
−
〈
∇xΦ+
(
xl(t0; s, ω, θ, λ),
√
2λθ
)
, dθxl(t0; s, ω, ·, λ)(θ)
〉
− dθ
〈
∇ξΦ+
(
xl(t0; s, ω, θ, λ),
√
2λθ
)
,
√
2λ·
〉
(θ)
= −dθ
〈
∇ξΦ+
(
xl(t0; s, ω, θ, λ),
√
2λθ
)
,
√
2λ·
〉
(θ),
(21)
where (17) has allowed us to use [3, Theorem 46.C] to obtain the second equality. Lastly, we recall
from [10, Lemma 4.1] that
lim
t→∞
∣∣∣x∞ (t; zl(ω, θ, λ),√2λω)−√2λθt−∇ξΦ+ (xl(t0; s, ω, θ, λ),√2λθ)∣∣∣ = 0. (22)
To compute dωSl we first reparameterize the phase trajectories in the reverse direction, which
is equivalent to considering the reverse of the initial and final directions. Using (19) and (20) we
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further re-write Sl (ω, θ) in the following way
Sl (ω, θ) = −Φ+
(
xl (s;ω, θ, λ) ,
√
2λθ
)
+
∫ t0
0
L (xl, x˙l) dt+Φ−
(
yl (t0; s, ω, θ, λ) ,
√
2λω
)
+ λt0,
where xl (s;ω, θ, λ) = x∞
(
s; zl (ω, θ;λ) ,
√
2λω
)
∩B (0, R¯, R¯+ 1) for some s > 0,
yl (t0; s, ω, θ, λ) = x
(
t0;xl (s;ω, θ, λ) ,−∇xΦ+
(
xl (s;ω, θ, λ) ,
√
2λθ
))
,
and the integral is taken over the segment of the bicharacteristic curve xl(ω, θ, λ) connecting
xl (s;ω, θ, λ) and yl (t0; s, ω, θ, λ) . We observe that this bicharacteristic curve is uniquely defined
by Lemma 4 and (17).
Lemma 4 and (17) further allow us to proceed as in (23) and we obtain
dωSl (ω, θ) = dω
(
−Φ+
(
xl (s;ω, θ, λ) ,
√
2λθ
)
+
∫ t0
0
L (x, x˙) dt
)
+ dωΦ−
(
yl (t0; s, ·, θ, λ) ,
√
2λ·
)
(ω)
= dω
〈
∇ξΦ−
(
yl(t0; s, ω, θ, λ),
√
2λω
)
,
√
2λ·
〉
(ω).
(23)
As above, we have that
lim
t→−∞
∣∣∣x∞ (t; zl(ω, θ, λ),√2λω)−√2λθt−∇ξΦ− (yl(t0; s, ω, θ, λ),√2λω)∣∣∣ = 0. (24)
From (21), (22), (23), and (24) we therefore have that Sl is a non-degenerate phase function
such that SRl(λ) = ΛSl .
We remark that (19) and (20) allow us to rewrite Sl(ω, θ) in the following way
Sl(ω, θ) =
∫ ∞
−∞
(
1
2
∣∣∣p∞ (t; zl(ω, θ),√2λω)∣∣∣2 − V (q∞ (t; zl(ω, θ),√2λω))− λ
)
dt
−
〈
x∞
(
zl(ω, θ),
√
2λω
)
,
√
2λθ
〉
,
(25)
which is the same as the modified actions given by (3).
4 Proof of Main Theorem
We now turn to the proof of the Main Theorem.
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Proof. Since S(λ, h) is a unitary operator on L2(Sn−1), we have, by Lemma 1, that KS(λ,h) ∈
D′h(Sn−1 × Sn−1) and therefore KT (λ,h) ∈ D′h(Sn−1 × Sn−1).
Since we are working away from the diagonal in Sn−1 × Sn−1 we can use integration by parts,
as in [10] and [9], and obtain
KT±1 = OL2(Sn−1×Sn−1\diag(Sn−1×Sn−1))(h∞).
Therefore, by (12), we obtain
WF fh
(
KT±1
)
= ∅. (26)
We now observe that the proof of [10, Lemma 2.1] depends only on the estimate (4) and the
support properties of the symbols a± and b± and therefore its assertion holds here as well and we
have the following estimates for γ > n2 close to
n
2
∥∥K∗+a(h)R(λ+ i0, h)K+b(h)∥∥−γ,γ = O(h∞)∥∥K∗+a(h)R(λ+ i0, h)(1 − χb)K−b(h)∥∥−γ,γ = O(h∞)
‖((1− χa)K+a)∗(h)R(λ + i0, h)K−b(h)‖−γ,γ = O(h∞),
(27)
where χa ∈ C∞c (B (0, 20R0 + 1)) , χa(x) = 1, |x| < 20R0 and χb ∈ C∞c (B (0, 10R0 + 1)) , χb(y) =
1, |y| < 10R0.
From (26), (27), and (12) we then conclude, as in [10, Corollary], that
WF fh
(
χ
(
KA(λ,h) − c1(n, λ, h)KG0
))
= ∅, (28)
for every χ ∈ C∞ (Sn−1 × Sn−1\diag(Sn−1 × Sn−1)) , where
G0(θ, ω;λ, h) =
〈
e−
i
h
Φ+(·,
√
2λθ)g+a(·, θ;h) ⊗ e
i
h
Φ−(··,
√
2λω)g−b(··, ω;h),KR(λ+i0,h)
〉
,
g+a(x, θ;h) = e
− i
h
Φ+(x,
√
2λθ)[χa, P0(h)]a+
(
x,
√
2λθ;h
)
e
i
h
Φ+(x,
√
2λθ),
g−b(y, ω;h) = e−
i
h
Φ−(y,
√
2λω)[χb, P0(h)]b−
(
y,
√
2λω;h
)
e
i
h
Φ−(y,
√
2λω),
and
c1(n, λ, h) = 2π(2λ)
n−3
4 (2πh)−
n+1
2 e−
i(n−3)pi
4 .
Let, now, p¯ ∈ SRU (λ) be such that π˜1 (p¯) = (ω, z), where π˜1 : T ∗Sn−1 × T ∗Sn−1 → T ∗Sn−1
is the canonical projection onto the first factor. Let Aj ∈ Ψ0h(1,Sn−1 × Sn−1\diag(Sn−1 × Sn−1)),
14
j = 0, . . . , N, have compactly supported symbols near p¯ and satisfy σ0(Aj)|SRU¯ (λ) = 0, j < N. We
also set ϕ+(x, θ) = Φ+
(
x,
√
2λθ
)
,
(
x,
√
2λθ
)
∈ Γ+(R0, d0, σ0), and ϕ−(y, ω) = Φ−
(
y,
√
2λω
)
,
(y, ω) ∈ Γ−(R − 0, d0,−σ0). First, we shall prove that the generalization of Egorov’s Theorem to
manifolds of unequal dimensions [1, Lemma 7] can be applied to the semi-classical Fourier integral
operator F given by the Schwartz kernel
KF = e
− i
h
ϕ+g+a ⊗ e
i
h
ϕ−g−b.
For that, let
ΛF =
{(
x, y,−∇xϕ+ (x, θ) ,∇yϕ− (y, ω) ; θ, ω,−∇θϕ+ (x, θ) ,∇ωϕ+ (y, ω) :(
x,
√
2λθ
)
∈ Γ+(R0, d0, σ0) ∩
(
T ∗(supp∇χa)× T ∗Sn−12λ
)
,(
y,
√
2λω
)
∈ Γ−(R0, d0,−σ0) ∩
(
T ∗(supp∇χb)× T ∗Sn−12λ
) )}
.
For every (x, ξ) ∈ Γ±(R0, d0,±σ0) there exist unique phase trajectories (q±(·;x, ξ), p±(·;x, ξ)) such
that q±(0;x, ξ) = x and limt→±∞ p±(t;x, ξ) = ξ, respectively (see [10, Subsection 4.1] as well as
the discussion following [7, Definition 1.10]). Furthermore, by the construction of Φ±,
∇xΦ±(q±(t;x, ξ), ξ) = p±(t;x, ξ).
By [10, Lemma 4.1], we also have that
lim
t→±∞ |q±(t;x, ξ)− ξt−∇ξΦ±(x, ξ)| = 0.
These considerations imply that
π1|ΛF is an immersion, (29)
where
π1 : T
∗
R
n × T ∗Rn × T ∗Sn−1 × T ∗Sn−1 → T ∗Rn × T ∗Rn
is the canonical projection. With (29) the hypotheses of the generalization of Egorov’s Theorem to
manifolds of unequal dimensions [1, Lemma 7] are satisfied and applying [1, Lemma 7] we obtain
that there exist Bj ∈ Ψ0h(1,Rn × Rn), j = 0, . . . , N, satisfying the following conditions
1. σ(Bj), j = 0, . . . , N, have compact support near a point q¯ ∈ T ∗Rn× T ∗Rn such that πˆ1 (q¯) ∈
γ∞
(
·; z,√2λθ
)
, where πˆ1 : T
∗
R
n × T ∗Rn → T ∗Rn is the canonical projection onto the first
factor.
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2. σ0(Bj)|ΛR(λ) = 0, j < N, where ΛR(λ) = ∪t>0 (graph exp(tHp)|Σλ)′ .
3. Near (p¯, q¯) ,
 N∏
j=0
Aj

(e− ihφ+g+a ⊗ e ihφ−g−b) ≡ (e− ihφ+g+a ⊗ e ihφ−g−b)

 N∏
j=0
Bj

 . (30)
Assumption (4) and Lemma 1, now, imply that KR(λ+i0,h) ∈ D′h(R2n). From (30) we therefore
obtain
 N∏
j=0
Aj

KA(λ,h) ≡ c1 (n, λ, h) (e− ihφ+g+a ⊗ e ihφ−g−b)

 N∏
j=0
Bj

 (χ2 ⊗ χ1)KR(λ+i0,h), (31)
near (p¯, q¯) , where χj ∈ C∞c (Rn;R), j = 1, 2, are such that χ2 = 1 on supp g+a, χ1 = 1 on supp g−b,
and suppχ1 ∩ suppχ2 = ∅.
Estimate (4), Lemma 2, and the same proof as in [2, Theorem 1] further give that there exists
an open set V ⊂ ΛR(λ), q¯ ∈ V, such that (χ2 ⊗ χ1)KR(λ+i0,h) ∈ I1h
(
R
2n,ΛR(λ) ∩ V¯
)
. (We recall
here that the fact that χ1 and χ2 have disjoint support is crucial in the proof of [2, Theorem 1].)
Therefore 
 N∏
j=0
Bj

 (χ2 ⊗ χ1)KR(λ+i0,h) = OL2(R2n) (hN−1−n2 ) , h→ 0. (32)
Since g+b, g−a ∈ S−12n−1(1) ∩ C∞c (Rn × Sn−1), we easily find that∥∥∥(e− ihφ+g+a ⊗ e ihφ−g−b)∥∥∥B(L2(Rn),L2(Sn−1)) = O(h). (33)
Estimates (32) and (33) together with (28) and (31) now imply that
 N∏
j=0
Aj

KA(λ,h) = OL2(Sn−1×Sn−1) (hN−n− 32) ,
and therefore
A(λ, h) ∈ I
n
2
+2
h
(
S
n−1 × Sn−1\diag(Sn−1 × Sn−1), SRU¯ (λ)
)
.
5 Applications
In this section we discuss two applications of our Main Theorem to trapping and non-trapping
energies, respectively.
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5.1 Non-Trapping Energies
Corollary 1. Let λ > 0 be a non-trapping energy level for P and such that P (h)−λ is of principal
type.
Then A(λ, h) ∈ I
n
2
+2
h
(
S
n−1 × Sn−1\diag(Sn−1 × Sn−1), SR(λ)) .
Proof. From [10, Lemma 2.2] we have that ‖R(λ+ i0, h)‖α,−α = O
(
1
h
)
, α > 12 . The result now
follows from the Main Theorem.
5.2 Trapping Energies
Corollary 2. Let λ > 0 be a trapping energy level for P and such that P (h) − λ is of principal
type. Let also
(i) there exist θ0 ∈ [0, π), R > 0 such that the potential V extends holomorphically to the domain
DR,θ0 = {z ∈ Cn : |z| > R, |ℑz| ≤ tan θ0|ℜz|} and |V (x)| ≤ C|x|−β for all x ∈ DR,θ0 and
some β > 0, C > 0, and
(ii) Res(P (h)) ∩ ([λ− ǫ, λ+ ǫ] + i[0, ChM ]) = ∅ for some ǫ > 0, C > 0, and M > 0.
Lastly, let there exist (θ, z) ∈ T ∗Sn−1 such that γ∞
(
·; z,√2λθ
)
is a non-trapped trajectory.
Then there exists an open set U ⊂ T ∗Sn−1 such that
A(λ, h) ∈ I
n
2
+2
h
(
S
n−1 × Sn−1\diag(Sn−1 × Sn−1), SRU¯ (λ)
)
.
Proof. We choose U as in Definition 15. From [9, Proposition 4.1], we have that there exists m ∈ N
such that
‖R(λ+ i0, h)‖α,−α = O
(
1
hm
)
, α >
1
2
.
The assertion of the Corollary now follows from the Main Theorem.
5.3 Microlocal Representation of the Scattering Amplitude
Here we show how under the non-degeneracy assumption the expansion (2) follows from the results
we have proved in this article and the characterization of semi-classical Fourier integral distributions
as oscillatory integrals, which we have developed in [2, Theorem 1]. More precisely, we have the
following
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Theorem 1. Let ω0 ∈ Sn−1 be regular for θ0 ∈ Sn−1 and L ∈ N be the number of (θ0, ω0) phase
trajectories. Let λ > 0 be such that P − λ is of principle type and ‖R(λ+ i0, h)‖α,−α = O(hm),
m ∈ R, α > 12 .
Then, if Pl ∈ Ψ0h(1,Sn−1 × Sn−1), l = 1, . . . , L, are microlocal cut-offs to the Lagrangian sub-
manifolds SRl(λ) defined by (16), respectively,
PlKA(λ,h) = e
i
h
Slal, l = 1, . . . , L,
where Sl, l = 1, . . . , L, are as given by (18) and al ∈ Sn+
3
2
2n−2(1), l = 1, . . . , L, have compact support.
Proof. By our Main Theorem, A(λ, h) ∈ I
n
2
+2
h
(
S
n−1 × Sn−1,∪Ll=1SRl(λ)
)
. From [2, Lemma 5]
it follows that PlKA(λ,h) ∈ I
3
2
h
(
S
n−1 × Sn−1, SRl(λ)
)
, l = 1, . . . , L. With this and Lemma 5 the
hypotheses of [2, Theorem 1] are satisfied and we obtain that there exist al ∈ Sn+
3
2
2n−2(1), l = 1, . . . , L,
such that PlKA(λ,h) = e
i
h
Slal microlocally near SRl(λ), l = 1, . . . , L.
We remark that the conclusion of this theorem holds whenever we have polynomial bound on
the resolvent. We also remark that this theorem recovers the phases (3) in (2), due to (25).
A Elements of Semi-Classical Analysis
In this section we recall some of the elements of semi-classical analysis which we use in this paper.
First we define two classes of symbols
Sm2n (1) =
{
a ∈ C∞ (R2n × (0, h0]) : ∀α, β ∈ Nn, sup
(x,ξ,h)∈R2n×(0,h0]
hm
∣∣∣∂αx ∂βξ a (x, ξ;h)∣∣∣ ≤ Cα,β
}
and
Sm,k (T ∗Rn) =
{
a ∈ C∞ (T ∗Rn × (0, h0]) : ∀α, β ∈ Nn,
∣∣∣∂αx ∂βξ a (x, ξ;h)∣∣∣ ≤ Cα,βh−m 〈ξ〉k−|β|} ,
where h0 ∈ (0, 1] and m,k ∈ R. For a ∈ S2n (1) or a ∈ Sm,k (T ∗Rn) we define the corresponding
semi-classical pseudodifferential operator of class Ψmh (1,R
n) or Ψm,kh (R
n), respectively, by setting
Oph (a) u (x) =
1
(2πh)n
∫ ∫
e
i〈x−y,ξ〉
h a (x, ξ;h) u (y) dydξ, u ∈ S (Rn) ,
and extending the definition to S ′ (Rn) by duality (see [4]). Here we work only with symbols which
admit asymptotic expansions in h and with pseudodifferential operators which are quantizations
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of such symbols. For A ∈ Ψkh(1,Rn) or A ∈ Ψm,kh (Rn), we shall use σ0(A) and σ(A) to denote its
principal symbol and its complete symbol, respectively. A semi-classical pseudodifferential operator
is said to be of principal type if its principal symbol a0 satisfies
a0 = 0 =⇒ da0 6= 0. (34)
For a ∈ Sm,kn (T ∗Rn) we define:
ess-supph a
=
{
(x, ξ) ∈ T ∗Rn| ∃ ǫ > 0 ∂αx ∂βξ a
(
x′, ξ′
)
= OC(B((x,ξ),ǫ)) (h∞) , ∀α, β ∈ Nn
}c
∪
({
(x, ξ) ∈ T ∗Rn\ {0} | ∃ ǫ > 0 ∂αx ∂βξ a
(
x′, ξ′
)
= O (h∞ 〈ξ〉−∞) ,
uniformly in (x′, ξ′) such that ‖x− x′‖+ 1‖ξ′‖ +
∥∥∥∥ ξ‖ξ‖ − ξ
′
‖ξ′‖
∥∥∥∥ < ǫ
}
/R+
)c
⊂ T ∗Rn ⊔ S∗Rn,
where we define S∗Rn = (T ∗Rn\ {0}) /R+. For A ∈ Ψm,kh (Rn) , we then define
WFh (A) = ess-supph a,A = Oph (a) .
We also define the class of semi-classical distributions D′h(Rn) with which we will work here
D′h(Rn) =
{
u ∈ C∞h
(
(0, 1];D′ (Rn)) : ∀χ ∈ C∞c (Rn)∃N ∈ N and CN > 0 :
|Fh (χu) (ξ, h) | ≤ CNh−N 〈ξ〉N
}
where
Fh (u) (ξ, h) =
∫
Rn
e−
i
h
〈x,ξ〉u (x, h) dx
with the obvious extension of this definition to E ′h(Rn). We work with the L2−based semi-classical
Sobolev spacesHs(Rn), s ∈ R, which consist of the distributions u ∈ D′h(Rn) such that ‖u‖2Hs(Rn)
def
=
1
(2πh)n
∫
Rn
(1 + ‖ξ‖2)s |Fh(u)(ξ, h)|2 dξ <∞.
For u ∈ D′h(Rn) we also define its finite semi-classical wavefront set as follows.
Definition 4. Let u ∈ D′h (Rn) and let (x0, ξ0) ∈ Tˆ ∗ (Rn) . Then the point (x0, ξ0) does not belong
to WF fh (u) if there exist χ ∈ C∞c (Rn) with χ (x0) 6= 0 and an open neighborhood U of ξ0, such
that ∀N ∈ N, ∀ξ ∈ U, |F (χu) (ξ, h) | ≤ CNhN .
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We say that u = v microlocally (or u ≡ v) near an open set U ⊂ T ∗Rn, if P (u − v) = O (h∞)
in C∞c (Rn) for every P ∈ Ψ0h (1,Rn) such that
WFh (P ) ⊂ U˜ , U¯ ⋐ U˜ ⋐ T ∗Rn, U˜ open. (35)
We also say that u satisfies a property P microlocally near an open set U ⊂ T ∗Rn if there exists
v ∈ D′h (Rn) such that u = v microlocally near U and v satisfies property P.
For open sets U, V ⊂ T ∗Rn, the operators T, T ′ ∈ Ψmh (Rn) are said to be microlocally equivalent
near V × U if for any A,B ∈ Ψ0h (Rn) such that
WFh (A) ⊂ V˜ ,WFh (B) ⊂ U˜ , V¯ ⋐ V˜ ⋐ T ∗Rn, U¯ ⋐ U˜ ⋐ T ∗Rn, U˜ , V˜ open
A
(
T − T ′)B = O (h∞) : D′h (Rn)→ C∞ (Rn) .
We also use the notation T ≡ T ′.
We extend these notions to compact manifolds through the following definition of a semi-classical
pseudodifferential operator on a compact manifold. Let M be a smooth compact manifold and κj :
Mj → Xj , j = 1, . . . , N, a set of local charts. A linear continuous operator A : C∞(M) → D′h(M)
belongs to Ψmh (1,M) if for all j ∈ {1, . . . , N} and u ∈ C∞c (Mj) we have Au ◦ κ−1j = Aj
(
u ◦ κ−1j
)
with Aj ∈ Ψmh (Xj) , and χ1Aχ2 : D′h(M)→ h∞C∞(M) for χj ∈ C∞(M) with suppχ1 ∩ suppχ2 =
∅.
Lastly, we define global semi-classical Fourier integral operators.
Definition 5. Let M be a smooth k-dimensional manifold and let Λ ⊂ T ∗M be a smooth closed
Lagrangian submanifold with respect to the canonical symplectic structure on T ∗M. Let r ∈ R.
Then the space Irh (M,Λ) of semi-classical Fourier integral distributions of order r associated to Λ
is defined as the set of all u ∈ D′h (M) such that
 N∏
j=0
Aj

 (u) = OL2(M) (hN−r− k4) , h→ 0, (36)
for all N ∈ N0 and for all Aj ∈ Ψ0h (1,M) , j = 0, . . . , N − 1, with compactly supported symbols and
principal symbols vanishing on Λ, and any AN ∈ Ψ0h(1,M) with a compactly supported symbol.
A continuous linear operator C∞c (M1)→ D′h (M2) , where M1,M2 are smooth manifolds, whose
Schwartz kernel is an element of Irh(M1 ×M2,Λ) for some Lagrangian submanifold Λ ⊂ T ∗M1 ×
20
T ∗M2 and some r ∈ R will be called a global semi-classical Fourier integral operator of order r
associated to Λ. We denote the space of these operators by Irh(M1 ×M2,Λ).
Acknowledgements. I would like to thank Maciej Zworski for the idea to use the proof of
Schwartz Kernel Theorem in the proof of Lemma 1.
References
[1] Alexandrova, Ivana. Semi-Classical Wavefront Set and Fourier Integral Operators. Preprint
math.AP/0407460 on arxiv.org.
[2] Alexandrova, Ivana. Structure of the Semi-Classical Amplitude for General Scattering Rela-
tions. Preprint math.AP/0407502 on arxiv.org.
[3] Arnold, Vladimir. Mathematical Methods of Classical Mechanics; Springer-Verlag: New York,
1980.
[4] Dimassi, Mouez; Sjo¨strand, Johannes. Spectral Asymptotics in the Semi-Classical Limit; Cam-
bridge University Press: Cambridge, 1999.
[5] Friedlander, Friedrich. Introduction to the Theory of Distributions; Cambridge University
Press: Cambridge, 1982.
[6] Guillemin, Victor. Sojourn Times and Asymptotic Properties of the Scattering Matrix. Pub-
lications of the Research Institute for Mathematical Sciences, Supplement 1977, 12, 69 – 88.
[7] Isozaki, Hitoshi. On the Generalized Fourier Transforms Associated with Schro¨dinger Oper-
ators with Long-range Perturbations. Journal fu¨r die Reine und Angewandte Mathematik.
1982, 337, 18-67.
[8] Isozaki, Hitoshi; Kitada, Hitoshi. Scattering Matrices for Two-Body Schr odinger Operators.
Scientific Papers of the College of the Arts and Sciences. University of Tokyo. 1985, 35, 81–107.
[9] Michel, Laurent. Semi-Classical Behavior of the Scattering Amplitude for Trapping Perturba-
tions at Fixed Energy. Canadian Journal of Mathematics. 2004, 56, (4), 794–824.
21
[10] Robert, Didier; Tamura, Hideo. Asymptotic Behavior of Scattering Amplitudes in Semi-
Classical and Low Energy Limits. Annales de l’Institut Fourier 1989, 39 (1), 155–192.
[11] Vainberg, Boris. Quasiclassical Approximation in Stationary Scattering Problems. Functional
Analysis and its Applications 1977, 11 (4), 6–18.
[12] Yajima, Kenji. The Quasiclassical Limit of Scattering Amplitude. L2 Approach for Short Range
Potentials. Japanese Journal of Mathematics 1987, 13 (1), 77–126.
22
